We consider the motion of an inviscid compressible fluid under the mutual interactions with magnetic field. We show that the initial value problem is ill-posed in the class of weak solutions for a large class of physically admissible data. We also consider the same problem for inviscid heat-conductive fluid and show the same result under certain restrictions imposed on the magnetic field. The main tool is the method of convex integration adapted to the Euler system with "variable coefficients".
Introduction
The time evolution of electrically conducting inviscid compressible fluid interacting with a magnetic field is described by the system of magnetohydrodynamics (MHD). The conservation of mass, the balance of momentum and the Maxwell system for the magnetic field read as (see [4] The unknowns are the fluid density ̺ = ̺(t, x), the velocity field v = v(t, x) ∈ R 3 , and the magnetic field B = B(t, x) ∈ R 3 , depending on the time variable t ∈ R + and the space variable x = (x 1 , x 2 , x 3 ) ∈ R 3 . The symbol p(̺) stands for the pressure, ν > 0 is the resistivity coefficient which acts as the magnetic diffusion. We normalize ν = 1 in what follows.
Noticing that
we may rewrite the system (1.1) in the form
There is a well-developed mathematical theory of incompressible MHD equations (i.e., div x v = 0). In the case of viscous magnetically resistive fluids, the existence, uniqueness and large time behavior of strong and weak solutions have been studied by Duvaut and Lions [16] , Sermange and Temam [34] , among others. We refer to Cao and Wu [6] for global regularity of MHD equations with mixed partial dissipation and magnetic diffusion in two space dimensions. The problem is much more involved when there is only viscosity or only magnetic diffusion present. In the case of viscous fluids without magnetic diffusion, global-in-time existence of small classical solutions has been obtained by Lin et al. [29] in two space dimensions, Xu and Zhang [39] in three space dimensions. See also [37, 31] for related results on the initial-boundary value problem. The problem with zero viscosity and with magnetic diffusion was studied by Cao and Wu [6] in the 2-D case, where the existence of global-in-time weak solution with H 1 initial data was established. See also [40] for the existence of global-in-time classical solution by requiring smallness and certain symmetries of the initial data. As for the inviscid and non-resistive case, we refer to Bardos et al. [2] for the existence and large time behavior of global-in-time classical solution. By adapting the arguments of convex integration of De Lellis and Székelyhidi [12] , Bronzi et al. [3] proved the existence of global-in-time weak solution to the symmetry reduced MHD equations with compact support in space and time. We remark that proving the non-uniqueness of weak solutions in the context of incompressible flows stems from Scheffer [33] and Shnirelman [35] on Euler equations. See also [8, 10, 13, 36] and the references therein for more results on non-uniqueness of weak solutions in the context of incompressible flows. We refer to [5] for the conservation of energy and magnetic helicity to ideal MHD equations under suitable assumptions imposed on weak solutions (see also [18] ).
The theory of compressible MHD fluid flows is more involved. The case of a viscous magnetically resistive fluid was studied in [15] , where the existence of global-in-time weak solution to the full MHD system is obtained (see also Hu and Wang [24] for the isentropic regime). In [27, 32] , results on the existence and uniqueness of global-in-time classical solution have been obtained under smallness assumptions imposed on the initial data. In the case of viscous nonresistive fluids, we refer to Wu and Wu [38] , Tan and Wang [37] for global-in-time existence and uniqueness of small classical solution; see also [28] for the existence of global-in-time weak solutions with certain symmetry in two space dimensions. Fan et al. [17] established the existence of global-in-time weak solution to the resistive planar MHD system with zero shear viscosity. Recently, Gwiazda et al. [23] obtained a sufficient condition for the energy conservation for weak solutions to inviscid non-resistive compressible MHD equations.
The problem of global-in-time solvability of the MHD system for an inviscid, compressible and resistive or non-resistive fluid in the space dimension N = 2, 3 remains largely open. Klingenberg and Markfelder [25] used the piece-wise constant data ansatz, similar to Luo, Xie and Xin [30] , to show ill-posedness for the inviscid non-resistive model under simplified symmetry hypothesis by using the method of convex integration. In this context, it is worth mentioning a very interesting recent result of Dai [11] , where ill posedness is established for the 3-D viscous MHD equations with Hall effect.
In this paper, we consider the problem of global well/ill posedness of the MHD system, where the fluid is compressible, inviscid but still magnetically resistive. To simplify presentation, we impose the space periodic boundary conditions and restrict ourselves to the physically relevant 3-D geometry, meaning the physical space is the (flat) three-dimensional torus
3) is supplemented by the initial conditions:
Our goal is to show that the problem (1.2)-(1.4) is globally solvable but essentially ill posed in the class of weak solutions. Specifically we establish the following results:
• Given sufficiently regular initial data, the MHD system (1.2)-(1.4) admits infinitely many global-in-time weak solutions, see Theorem 2.1.
• There is a vast class of initial data for which the MHD system (1.2)-(1.4) admits infinitely many global-in-time weak solutions satisfying the relevant energy balance, see Theorem 5.1.
• We extend the previous results to the case of heat conducting fluid under certain symmetry restrictions, see Theorem 6.1.
The paper is organized as follows. In Section 2, we introduce the concept of weak solution to the MHD system and formulate our basic ill posedness result in the general setting. In Section 3, we reformulate the MHD system in a convenient form and introduce the definition of subsolutions. The proof of the basic ill posedness result is then finished by means of a suitable version of oscillatory lemma and the convex integration scheme in Section 4. In Section 5, we establish the existence of infinitely many weak solutions to (1.2) that satisfy a relevant form of energy inequality. Extension to the case of a heat-conductive fluid is presented under a special symmetry assumption, see Section 6. 
•
Our first result concerns existence and non-uniqueness of global-in-time weak solutions to the problem (1.2)-(1.4) for any smooth initial data.
Then the initial value problem (1.2)-(1.4) admits infinitely many weak solutions in (0, T )×Ω emanating from the same initial data. The following two sections are devoted to the proof of Theorem 2.1. The arguments are adaptations of the method developed by De Lellis and Székelyhidi [12, 13] to compressible setting in the spirit of [9] . We refer to [7, 14, 19, 21] for similar results on other physical models of related to compressible fluids. The MHD case, however, is more delicate than the situation studied in [9] as there is no obvious way how to control the L ∞ -norm of the magnetic field B.
Reformulation and subsolutions
First we reformulate (1.2) in terms of the new variables [̺, m := ̺v, B]:
To facilitate the use of convex integration, we follow the strategy of [9] writing
Denoting the traceless part of B ⊗ B as
we rewrite (3.1) in the form
Next, we use the ansatz for the density already exploited in [9, 19] ; specifically, we fix the density ̺,
With the density ̺ fixed, the potential function Φ is then uniquely solved by the Poisson equation
Thus the continuity equation (1.2) 1 is satisfied in the strong sense. Next, we observe that the equation of magnetic field (3.2) 3 is linear with respect to B for any given w = (w 1 , w 2 , w 3 ). Furthermore, we write
where we have adopted the summation convention over repeated indices (i, j=1,2,3), and where
, the well-known maximal regularity for parabolic equations (see [1, 26] ) implies that there exists a weak solution B = B[w] to the initial value problem
for any p ∈ (1, ∞), with suitable α ∈ (0, 1), where
. We remark that (3.5) and the assumption div x B 0 = 0 yield div x B = 0 for a.e. t ∈ (0, T ) in the sense of distributions.
Thus the mapping w → B[w] can be considered as an abstract operator, whereas the bounds in (3.6) depend on the L ∞ ((0, T ) × Ω; R 3 )-norm of w. Therefore, it remains to prove that the "abstract" momentum equation:
admits infinitely many weak solutions in (0, T ) × Ω. Similarly to [9, 20] , we added a spatially homogeneous function η = η(t), t ∈ [0, T ], which is useful when adjusting suitable energy bounds in the method of convex integration specified below.
In the text below we use the following notation. The symbol R In analogy with [9, 20] , we define the space of subsolutions as
w satisfies the linear system
Observe that we can choose η ∈ C([0, T ]) in such a way that
for any t ∈ [0, T ], x ∈ Ω. This means that w 0 , together with the associated matrix field U = 0 belongs to the space of subsolutions. In other words, X 0 is non-empty.
Oscillatory lemma and convex integration scheme
Following [9] , we adapt the convex integration method from [12] to the present setting.
Oscillatory lemma
The building block for the technique of convex integration developed by De Lellis and Székelyhidi is the oscillatory lemma [12, 13] in the context of incompressible Euler system. The oscillatory lemma was later adapted to the case of compressible flows by Chiodaroli [7] . Here, we report a generalized version from [14] .
Assume also that
Then there exist two sequences
for some positive constant C(e) depending only on e.
Convex integration scheme
We start with introducing the functional setting in which infinitely many weak solutions to (3.7) will be located. To this end, observe that, as proved by De Lellis and Székelyhidi [13] ,
for any w ∈ R 3 , U ∈ R 3×3 sym,0 . Moreover, the equality holds if and only if
From (3.3), (3.8), (4.2) and the definition of the space X 0 , we deduce the uniform bound
for any w ∈ X 0 . This shows that the set of subsolutions X 0 is bounded in L ∞ ((0, T ) × Ω; R 3 ). As an immediate consequence, we conclude that the bounds in (3.6) are uniform with respect to w ∈ X 0 . Notice that (4.4) implies that the functions belonging to X 0 range in a bounded ball Ξ of L 2 (Ω; R 3 ) for any t ∈ [0, T ], making the weak topology metrizable. The metric in Ξ naturally induces a metric in C([0, T ]; Ξ) denoted by d. We then define X to be the closure of
) with respect to the metric d. As a consequence, (X, d) becomes a complete metric space bounded in L ∞ ((0, T ) × Ω; R 3 ). Following [13, 9, 20] , we introduce the functional I from X to (−∞, 0] as
It follows that the image of I ranges in a bounded interval of (−∞, 0]. Next, we show strong continuity of the operators w → B[w]. To this end, suppose
On the one hand, we notice that interpolation space {W −1,p ; W 1,p } α appearing in the maximal regularity estimates is compactly embedded into C(Ω; R 3 ) for p large enough, cf. [1] . On the other hand, (3.6) 2 and (3.6) 3 together give the compactness in time. Thus we obtain
The functional I is thus lower-semicontinuous on X and belongs to Baire-1 mapping. Consequently, the points of continuity of I form a residual set in X due to the well-known Baire's category theorem. To proceed, similarly to [9, 13, 20] , we employ the following crucial claim, the proof of which leans on the oscillatory lemma 4.1 and will be postponed to the end of this section.
Claim. If w is a point of continuity of I in X, then I[w] = 0. Due to the oscillatory lemma 4.1 and the fact that X 0 is non-empty, the set M := {w ∈ X | I is continuous at w} admits infinite cardinality. Upon applying the claim above, we find that for any w ∈ M 1 2
for a.e. t ∈ (0, T ), x ∈ Ω. In addition, it is also clear that w(0, ·) = w 0 and
in the sense of distributions. Recalling the definition of subsolutions X 0 and (4.2)-(4.3), we arrive at
for a.e. t ∈ (0, T ), x ∈ Ω. This shows every w in M exactly solves (3.7). Therefore, it remains to verify the claim above so as to finish the proof of Theorem 2.1. For completeness, we provide the detailed proof of the claim following the arguments of [20] in the context of an abstract Euler-type system. Let w be a point of continuity of I in X. Then there exists a sequence {w k } k≥1 ⊂ X 0 such that as k → ∞
By the assumption of continuity of I,
In accordance with the definition of subsolutions X 0 , there exists a suitable sequence {ε k } k≥1 tending to zero such that
where {U k } k≥1 are the fluxes associated with {w k } k≥1 . At this stage we fix k and apply the oscillatory lemma 4.1 with
to deduce that there exist compactly supported smooth sequences {h n k } n≥1 , {H n k } n≥1 obeying the properties therein. In particular, by setting the new variables
Applying the continuity of e[·] (see (4.5), (4.7)), we conclude
as n → ∞. Consequently, for each k ≥ 1, there exists n = n(k) such that
Obviously, in light of (4.1) 3 ,
as k → ∞. The continuity of I again implies
Finally, by virtue of (4.1) 3 , (4.1) 4 and Cauchy-Schwarz's inequality, we obtain lim inf
We conclude from the inequality above that I[w] = 0, thus verifying the claim. We have completed the proof of Theorem 2.1.
Admissible solutions
Let us denote by H(̺) the potential energy of (1.2)
Assume for the moment that [̺, v, B] is a smooth solution to the problem (1.2)-(1.4). It is easy to derive the energy inequality
This particularly implies E(t) ≤ E(0) for a.e. t ∈ (0, T ).
However, the relation (5.3) is no longer available for the weak solutions obtained in Theorem 2.1 by the technique of convex integration. As a matter of fact, it can be seen from (3.9) and (4.8) that lim inf
This is the initial energy jump typical for weak solutions obtained through the method of convex integration; see [8, 9, 19] . Nevertheless, it is possible to remove this drawback by modifying the convex integration scheme as explained in [9, 20] , at least for certain initial velocity.
Theorem 5.1 Let T ∈ (0, ∞) be given. Suppose that
that the initial value problem (1.2)-(1.4) admits infinitely many weak solutions in (0, T ) × Ω satisfying the energy inequality (5.3).
The proof of Theorem 5.1 follows the same lines as [9] , using the convex integration scheme given in Sections 3-4. We thus omit the details here.
Extension to heat-conductive fluid flows
In this section, we show the existence and non-uniqueness of global-in-time weak solutions to the compressible MHD system for inviscid resistive and heat conductive fluids. By assuming the fluid to be ideal and polytropic, the governing equations take the form
(6.1)
The unknowns ̺, v and B are defined as before, ϑ is the (absolute) temperature, and c V > 0 denotes the specific heat at constant volume. For technical reason (see Remark 6.3), we are not able to handle the general MHD system (6.1). Inspired by [3, 28] , we shall consider the three-dimensional system with certain symmetry. More precisely, by setting
2) in (6.1), one obtains the following 2-D system of equations:
Here we use the same symbol x to denote the two-dimensional space variable (x 1 , x 2 ) for convenience. Similarly to the above, we consider the periodic boundary conditions
and (6.3) is supplemented with the initial conditions:
The definition of weak solutions to the problem (6.3)-(6.4) is analogous to the general barotropic case (1.2). Then our result of non-uniqueness of global-in-time weak solutions to (6.3)-(6.4) can be stated as follows. 
Then the initial value problem (6.3)-(6.4) admits infinitely many weak solutions in
(6.5)
As before, we invoke the Helmholtz decomposition
Consequently, (6.5) is rewritten as
Next, we adopt the ansatz for the density as in (3.3) . To proceed, we observe that for any given w ∈ L ∞ ((0, T ) × Ω; R 2 ), (6.6) 3 is linear with respect to b and the standard L p -theory for parabolic equations (see [1, 26] ) shows that there exists a solution
unique in the class 9) unique in the class
for any p ∈ (1, ∞). Therefore, the proof of Theorem 6.1 reduces to find infinitely many solutions to
To introduce the definition of subsolutions, we first modify the kinetic energy as
. Then we define
The function η ∈ C([0, T ]) is then determined such that
for any t ∈ [0, T ], x ∈ Ω. Therefore, X 0 is non-empty since obviously it contains w 0 . Moreover, from the definition of subsolutions, one infers the uniform bound |w(t, x)| ≤ w, for any t ∈ [0, T ], x ∈ Ω, w ∈ X 0 . (6.14)
It follows from (6.14) and the parabolic estimates (6.8), (6.10 ) that Then we repeat step by step the convex integration scheme as for the general barotropic case. The details are omitted. We finish this section by proving the uniform bound of b[w] with respect to w ∈ L ∞ ((0, T )× Ω; R 2 ). It is of independent interest. Following [9] , we basically employ the comparison principle of parabolic equations. Furthermore, the structure of the MHD system (6.3) plays a crucial role. The main observations are as follows.
where we used (6.3) 1 and (6.3) 3 in the second equality of (6.16). A straightforward calculation gives that
From this relation we find
Therefore, combining (6.17) with (6.18), after returning to the variables [̺, w, b], yields
This shows that (6.19) is linear with respect to b/̺. As a consequence, in light of (3.3), we apply the comparison principle of parabolic equations to (6.19) to conclude that there exists a positive constant b depending only on the initial data and T such that Here, the point is that the bound b is independent of w belonging to L ∞ ((0, T ) × Ω; R 2 ).
